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Abstract. The paper introduces the notion of skew-evolution semiflows and presents 

the concept of pointwise trichotomy in the case of skew-evolution semiflows on a Banach 

qq ' space. The connection with the classic notion of trichotomy presented in [8], for evolution 

operators, is also emphasized, as well as some characterizations. The approach of the 

theory is from uniform point of view. The study can also be extended to systems with 

control whose state evolution can be described by skew-evolution semiflows. 
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1 Introduction 



It is in pQ that S.N. Chow and H. Leiva introduced and characterized the 
notion of pointwise discrete dichotomy for discrete skew-product flows. The 
existence of this asymptotic property is related to the existence of a unique 
bounded solution of certain difference equation, involving the discrete co- 
cycle. They also established the connection between the latest concept and 
the classical uniform exponential dichotomy for linear skew-product flows. 

In [3 J Y. Latushkin, S. Montgomery-Smith and T. Randolph studied 
the spectral mapping and the hyperbolicity, related to the exponential di- 
chotomy, for evolutionary semigroups generated by a strongly continuous 
semicocycle over a locally compact metric space acting on Banach fibers. 
The results are applied in the study of pointwise dichotomy versus global 
dichotomy. Later, in 0] is studied the exponential dichotomy of an expo- 
nentially bounded, strongly continuous cocycle on a locally compact metric 
space acting on a Banach space. Dichotomy is characterized in terms of 
hyperbolicity of a family of weighted shift operators. It is shown that expo- 
nential dichotomy follows from pointwise discrete dichotomies with uniform 
constants. 

In [7j M. Megan, A.L. Sasu and B. Sasu emphasize the concept of 
pointwise exponential dichotomy for linear skew-product flows, by neces- 



sary and sufficient conditions, as well as the relation with global exponential 
dichotomy. It is proved that the presented property for skew-product flows is 
equivalent with the pointwise admissibility of the pair (Co(K, V), Co(R, V)), 
V being a Banach space. 

Systems with control are studied in [5], their state evolution being de- 
scribed by linear skew-product semiflows. It is also presented the relation- 
ship between the concepts of exact controllability and complete stabilizabil- 
ity of general control systems. 

The concept of trichotomy is considered as a natural generalization of the 
classic concept of dichotomy. The basic idea is to obtain, at any moment, a 
splitting of the space into three subspaces: the stable subspace, the unstable 
subspace and the neutral one. The notion of Sacker-Sell type trichotomy was 
introduced in 1976 and studied in the case of linear differential equations in 
[llj . For the first time a sufficient condition for the existence of trichotomy 
in the case of M. n was emphasized. 

Later, in 1988, a stronger notion was introduced by S. Elaydi and O. 
Hajek in [2], namely the exponential trichotomy for linear and nonlinear 
differential systems by means of Liapunov functions. 

In [8] we have presented the property of uniform exponential trichotomy 
in the case of evolution operators in Banach spaces. The results extend well- 
known theorems obtained in the linear case for uniform exponential stability, 
but we emphasize a unified treatment for uniform asymptotic behaviors 
(exponential decay, exponential growth, exponential stability, exponential 
instability, exponential dichotomy, exponential trichotomy, as given in |12j ) 
in the setting of nonlinear evolution operators. 

Equivalent definitions and characterizations for the uniform exponential 
trichotomy by means of two respectively four compatible projector families 
are given in [9]. Some properties for a particular case of skew-evolution 
semiflows were introduced in |10j . 

The theory of skew-evolution semiflows introduced by us is used to study 
the asymptotic behavior of time-varying linear systems, the question that 
arises being whether the connection between stabilizability and controllabil- 
ity can be extended to systems associated to skew-evolution semiflows. 

In our present paper we extend the study of exponential trichotomy in 
a more general setting fitting the new concept of skew-evolution semiflows, 
from a global and a pointwise point of view, some similarities and differences 
being emphasized. The study of the concept of skew-evolution semiflow for 
the approach of evolution equations by means of the evolution operators 
theory was essential. 



2 Definitions and examples 

Let (X, d) be a metric space, V a Banach space, B(V) the space of all V- 
valued bounded operators defined on V. We denote y = X x V and we 
consider the set T = {(t, to) £ R+ : £ > ^o}- The norm of vectors on V and 
operators on B(V) is denoted by ||-||. Let I be the identity operator on V. 

Definition 2.1 A mapping tp : T x X — > A* is called evolution semiflow on 
A" if it satisfies the following properties 

(esi) ip(t,t,x) = x, V(t,x) G R+ x A" 

(es 2 ) tp(t, s, ip(s, t ,x)) = ip(t, t , x), V(t, s), (s, t ) G T, Vie Af. 

Definition 2.2 A mapping ^ifxA'^ £>(V) that satisfies the following 
properties 

(eci) V(t,t,x) =1, Vt > 0, VieA' 

(ec 2 ) *(t, t , x) = *(t, s, ^(s, t , x))V(s, t , x), V(t, s), (s, t ) G T, Vx G A" 
is called evolution cocycle over the evolution semiflow ip. 

Definition 2.3 A function ^ :T xy —> y defined by 

£(t, s, x, v) = (i/>(t, s, x), *(t, s, a», V(t, s, x, v) G T x y (2.1) 

where ^ is an evolution cocycle over the evolution semiflow tp, is called 
skew- evolution semiflow on y. 

Example 2.1 Let / : R — ► R+ be a function which is nondecreasing on the 
interval (— oo,0) and decreasing on the interval (0, oo) with the property 
that there exists 

lim /(t)G(0,oo). 

t— >±oo 

Let us consider the set C = C(R, R) of all continuous functions given by 
x : R — ► R, endowed with the uniform convergence topology on compact 
subsets of R. C is metrizable by respect to the metric 



oo 1 



d n (x,y) 



. _ . + d n (x,y) 



where 

d n (x,y) = sup (x(t) -y(t)\. 

t&[—n,n] 

Let Af be the closure in C of the set {ft, t G R}, where 
/ t (r) = /(t + r), VtGR,/gC. 
Then (A', d) is a metric space and the mapping 

ip : T x X — > X, ip(t, s, x) = xt~s 



is an evolution semiflow on X. 
The mapping 

*:Tx X ->®(V), 

given by 

tf(t,a,x)(v) = e£ iB(r - a)dr u 

is an evolution cocycle. 

Then £ = (ip, ^) is a skew-evolution semiflow on 3^- 

Definition 2.4 A mapping P : y — > 3^ is said to be a projector on 3^ if P 
is continuous and has the form 

P(x,v) = (x,P(x)v), (x,v) ey (2.2) 

where P(x) is a projection on y x = {x} x V, x £ X. 

Remark 2.1 The function P{x) : y x — ► y x is a bounded mapping with the 
property P(x)P{x) = P 2 (x) = P(x) for all x G X . 

Definition 2.5 The mapping Q : y ^> y given by 

Q(x,v) = {x,v - P(x)v) (2.3) 

where P is a projector on y, is called complementary projector to P on y. 

Definition 2.6 A projector P on 3^ is said to be invariant on 3^ relative to 
a skew-evolution semiflow £ = (^>, $) if one has 

P(V>(£, s, x))*(i, s, x)u = ^(t, s, x)P(x)u, (2.4) 

for all (£, s) G T and for all (x, u) G y, where ^ denotes an evolution cocycle 
over the semiflow ip. 

Remark 2.2 If the projector P is invariant, then the complementary pro- 
jector Q is invariant as well. 

Let us denote ^k(t,to,x) = i &(t,to,x)Pk(x), for all (t,to) G T, all x G X 
and k G {0,1,2}. 

Definition 2.7 Three projector families {Pfc(y)}j/e;y, k G {0, 1, 2}, are said 
to be compatible with a skew-evolution semiflow £ if 

(ci) each of the projectors P&, A; G {0, 1,2} is invariant on y 

(C2) for each x G X and for all z, j G {0, 1, 2}, i ^ j 

P (x) + Pi(x) + P 2 (x) = I and Pi(x)Pj(x) = 0. (2.5) 



Definition 2.8 A skew-evolution semiflow £ = (ip, \I/) has uniform expo- 
nential trichotomy on y if there exist Nq,N\,N2 > 1, ^0,^1,^2 > and 
three projector families {Pk(y)} y ^y, k G {0,1,2}, compatible with £ such 
that 
(to) 

||P (a>|| < iV e l ' o(t_to) ||* (*,to,aj)v|| < N^e 2v ^ t ~ t ^ ||P (a>|| (2.6) 

(h) 

e Mt~to) W^fafax^W < Nt \\Pi(x)v\\ (2.7) 

(t 2 ) 

e Mt-to) \\p 2 ( x ) v \\ < iV 2 ||* 2 (t,«o,x)u|| (2.8) 

for all (t,t ) G T and all (ar,u) G y. 

Remark 2.3 (i) For Pq = in Definition 12.81 we obtain the property of 
uniform exponential dichotomy. 

(ii) If Pq = P2 = the property of uniform exponential stability is 
obtained. It follows that a uniformly exponentially stable skew-evolution 
semiflow is uniformly exponentially dichotomic and, further, uniformly ex- 
ponentially trichotomic. 

(Hi) Also it is easy to observe that the property of uniform exponen- 
tial instability implies the uniform exponential dichotomy and, further, the 
uniform exponential trichotomy. 

Example 2.2 Let / : M+ — > (0, 00) be a decreasing function with the prop- 
erty that there exists lim f(t) = I > 0. Let fx > /(0) > 0. 

t— >oo 

Let (X, d) be the metric space given as in Example 12.11 the closure in 
I) of the set {ft, t G E}, where 



ft(r) = f(t + r), VrGE,/GC. 

The mapping 

if) : T x X — > A^, ^>(t, s, x) = xj_ s , 

is an evolution semiflow on A'. 

We consider V = M 3 with the norm 



»3 



IMI = l w l| + 1^2 1 + M, W = (t>l,t>2,f3) G 

The mapping * : T x ^ — > B{M?) defined by 

V(t,t ,x)v = 

, — u(t— to)+ f t x(T—to)dT f, x(r—to)dT —(t—to)x(0)+f. x(T—to)dT \ 

for all (t, to) G T and all (x,u) G 3^, is an evolution cocycle. 



We consider the projections given by 

Pl(x){v) = (Ul,0,0), P 2 (X)(V) = (0,«2,0), P (X)(V) = (0,0,173) 

for all x G A" and all u = (v i, v 2 , V3) G V. 
We obtain the relations 

\\V(t,to,x)Pi(x)v)\\ < e l-i>+*m(t—) \\y(s,t ,x)P 1 (x)v)\\ 

\\y(t,to,x)P 2 {x)v)\\ > e z( *- s) \\y( S ,to,x)P 2 {x)v)\\ 

\m,to,x)P {x)v)\\ < e^ ^*-) ||*( S ,io,x)P (x)«)|| 

||*(t,to,x)P (x)t;)|| > e"^ )^-) ||tt(s,to,s)Po(x)tOII 

for all (t, s), (s, to) G ^~ and all (x, v) G ^- 

It follows that the skew-evolution semiflow given by £ = (?/>, VP) is uni- 
formly exponentially trichotomic with characteristics 



iVo 



iVi = A^2 = 1 and vq = x(Q), v\ = —\x + x(0), h> 2 = I. 



In what follows by projections we will consider the mappings P : y — > y 
with the property P 2 (t) = P(t), Vt > 0. 

Definition 2.9 A family of projections {P(t)}t>o is said to be invariant on 
y relative to a skew-evolution semiflow £ = (ip, \1/) if one has 



P(t + s)V(t, s, ip(t, s, x))v = *(t, s, Y>(£, s, x))P(s)v, 



(2.9) 



for all (t, s) G T and for all (x, u) € ^V, where Vl/ denotes an evolution cocycle 
over the semiflow ^>. 

Definition 2.10 Three projection families {Pk(t)}t>0i k G {0,1,2}, are 
said to be compatible with a skew-evolution semiflow £ at point x G A? if 

(cpi) each projection P&, k G {0, 1,2} is invariant on 3^ 

(cp 2 ) for each £ G R+ one has 

P (<) + PiW + P2W = / and Pi(t)Pj(t) = 0, V*,i G {0, 1,2}, i ± j 
(cp 3 ) for all t > 0, all v G V and all z, j G {0, 1, 2}, i / j 



Pi(t)v + Pj(t)v 



Pi(t)v + Pj(t)v 



Definition 2.11 A skew-evolution semiflow £ = (tp,^) has pointwise uni- 
form exponential trichotomy on y at point xo G X if there exist some con- 
stants N£ , N*° , N%° > 1, z/q ,^ ,^ > and three projection families 
{Pk(t)}t>o, k G {0, 1,2}, compatible with £ such that 



(pto) 



(ph 



(P*2) 





*(s 


,to,^{s,t ,x )P (t )v 


< 




< N^e^V- 3 ) 


V(t,to,ip(t,to,x ))Po(to)v 




V(t,t ,ip(t,to,x ))P (t )v 


< 


< N^e^i*- 8 ) 


^(s,t ,t/j(s,t ,x ))P (t )v 


e "l°(t~s) 


^(Mo^Mo^o))^^ 


< 


< N?° 


-$(s,t ,iJj(s,to,xo))Pi(to)v 




e v*°(t-s) 


*(s, t , "0(s, to, xo))P 2 (t )v 


< 


<N%° 


■$(t,t ,1p(t,t ,Xo))P2 


(to)v 





(2.10) 



(2.11) 



(2.12) 



(2.13) 



for all (£, s), (s, to) G T and all v G V. 



Remark 2.4 According to [3] the concept introduced in Definition l2.11l can 
also be called exponential trichotomy of the skew-evolution semiflow £ over 
the orbit through xq G X. 

Remark 2.5 Referring to the case of pointwise dichotomy, in [3] and [TT] 

is shown that for an invertible-valued cocycle involved in the definition of a 
skew-product flow, the later property is equivalent with the classical defini- 
tion of global dichotomy. 

We remark that the property of uniform exponential trichotomy for a 
skew-evolution semiflow implies the uniform exponential trichotomy at each 
point x G X, by considering P k {t) = P k (ip(t, x)), Vt > 0, k E {0, 1, 2}. 

Instead, in general, the converse affirmation is not always true, as shown 
in the following 

Example 2.3 Let C(R+,R) = {/ : M+ -> R | / continuous}, metrizable 
with respect to the metric considered in Example 12.11 
For every n G N* we consider a decreasing function 



1 



1 



2ra + 1 ' 2n 



\im Xr,(t) = . 



If x s n {t) = x n (t + s), \/t,s > and X = {x s n ,n G N*,s G M+} then the 
mapping 

ip:T y. X ^ X, tjj(t, s, x)(j) = x(t - s + r) 



is an evolution semiflow on X. 

If we consider V = M 3 with the norm 11(^1,^2,^3)11 
then £ = (ip, <£), where $:Tx^-t 53 (V) is given by 



\Vl\ + \v 2 \ + \V3\ 



V(t,to,x)(vi,V2,V 3 ) 



— f. x(s)ds f, x(s)ds f. x(s)ds 

e Jt o w wi,e Jt o v ' v 2 ,e n o * ' v% 



is a skew-evolution semiflow on y. We consider the projections P(., I; £ 
{0, 1, 2} given as in Example 12,21 We obtain that £ is not globally uniformly 
exponentially trichotomic, but is uniformly exponentially trichotomic at ev- 
ery point x £ X relative to the projection families {P k (x)} xe x, given by 

P k (x) = P k ,xeX,ke {0,1,2}. 



3 Characterizations of the pointwise trichotomy 

Let us consider the set of functions 

JF = {/ : [0, oo) — ► (0, oo) | / decreasing function, lim f(t) = 0} 

In order to emphasize the natural extension of the trichotomy relative to the 
property of dichotomy, we will present a characterization by means of two 
projection families compatible with a skew-evolution semiflow, introduced 
by the following 

Definition 3.1 Two projection families {Qk{t)}t>o where Q k ■ K + — ► 55 (V), 
k £ {1)2}, are said to be compatible with a skew-evolution semiflow £ at 
point x £ X ii following relations hold 
(cqi) Qi(t)Q 2 {t) = Q 2 (t)Qi{t) = 

2 



(c<72) 
0?3) 
(cqi) 



Qi(t) + Q 2 (t) 
I-Qi(t) 

I-Q 2 (t) 



Qi(t)v 



+ 



Q2(t)v 

2 
V 



+ 



-Qi(t)-Q 2 (t) 

-Qi(t)-Q 2 (t) 

{cq 5 ) *(t, t , *l>(t, to,x))Q k (t )v = Q k {t + t )V(t, t , rp(t, t ,x))v 
for all (t, t ) £ T, all v £ V and k £ {1, 2}. 



Q2(t)v 
Q x (t)v 



Theorem 3.1 A skew- evolution semiflow £ = {ip,^f) is pointwise uniformly 
exponentially trichotomic at point Xo £ X if and only if there exist two 
functions (fi,<p 2 £ J~ and two projection families {Q k (t)}t>o, k £ {1,2}, 
compatible with £ such that following inequalities hold 



(pueto) <pi(t- s) 
(puet' ) cpi(t-s) 



[I-Qi(s)]v < [I - Q l (t + s)]^(t,s,i[){t,s,xo))v 



[I - Q 2 (t + s)]*(t, s,V(t, s,x ))v 



< 



(pueti) 
(puet 2 ) 



^(t,s,ip(t,s,xo))Qi(s)v <(p 2 (t 



Qi{s)v 



for all (t, s) £ T and all v £V. 



Q 2 (s)v <<p 2 (t-s) $>(t,s,ip(t,s,xo))Q 2 (s)v 



[I-Q2(S)]V 



Proof. Necessity. The existence of functions (pi,(f 2 € J- and projections 
Qi and Q 2 is assured by Definition 12.111 if we consider 



{ N*° , N*° }e~ min{l/ i ° '"a" }t , t > 



^(f) = NQ°e~ u ° 0t and </? 2 (t) = max 

respectively 

Qi(t) = Pi(t), Q 2 (t) = P 2 (t), £>0 

and which verify the compatibility (see [9]) and (pueto)-(puet 2 ) . 
Sufficiency. We define 

Po(i) = J - &(*) - Q 2 (t), Px(t) = &(*), P 2 (t) = Q 2 (t), t > 0. 

The compatibility of the projections families {Pfc(£)}t>o> k € {0, 1,2} with 
£ is easy to verify (see [9]). By the properties of Q\ and Q 2 , it is true that 

P (t) = [I-Q 1 (t)][I-Q 2 (t)], Vt>0. 

Let xo € X and 991 G .F. To prove the existence of Nq° and u^ re- 
quired by relation (|2.10p we consider following inequalities which hold for 
all (t, t ) S T and all v € V 



P (t + t )^(t,t Q ,ip(t,to,xo))v 



> 



> ¥?i(l) tf(i - l,t ,i/>(t - l,«o,x ))[I - Qi(*o)F - Q2(*o)]u 



> ... > 



> 



>rf * ol (l)||*(t-[t-to],to,^o,io,x ))Po(to)^ 

> ^-^(^(l) jy(to,to,tl>(to,t ,x ))Po(t )v 

where by [t— to] we have denoted the integer part of the considered difference 
and the existence of 5 > 1 is assured by the definition of the function set !F, 
such that ipi (5) < 1. 



If we denote Nq° 



</?i(1) and f, 



■>-■<) 



lii(pi(5), the relation ()2.10p is 



proved. Analogues techniques are used to prove inequality (|2.1ip . as well as 
(|212|> and 112131) . D 

Some integral characterizations for the pointwise trichotomy are given 
by the next result, involving four compatible projector families, given by the 
next conditions. 

Definition 3.2 Four projection families {Rk(t)}t>o where Rj, : R4. — ► 53 (V), 
k E {1,2,3,4}, are said to be compatible with a skew-evolution semiflow 
£ = (V>, ^at point x € Xtf 

(cr 1 )R 1 (t) + R 3 (t) = R 2 (t) + R i (t)=I^ 

(era) Ri(t)R 2 (t) = R 2 {t)Ri{t) = and R 3 (t)R 4 (t) = R 4 (t)R 3 (t) 



(cr 3 ) 
(cr 4 ) 
(cr 5 ) 



R 1 (t)+R 2 (t) 
i?i(t) + R 3 (t)R 4 (t) 
Mt) + R 3 (t)R 4 (t) 



Ri{t)v + 
#i(i)n 
R 2 {t)v 



R 2 (t)v 

2 

+ 
2 

+ 



R 3 (t)R 4 {t)v 
R 3 (t)R 4 {t)v 



(cr 6 ) *(t, t , ^(*, to, x))R k (t )v = R k (t + t )*(t, to, Y>(*, *o, x))v 
for all t, t > 0, t > t , for all u G V and fc G {1, 2, 3, 4} 

Theorem 3.2 Let £ = (-0, ^) 6e a skew- evolution semiflow such that for 
each (x,v) G 3^ t/ie mapping s — > &(s,to,x)v is continuous on [to,oo) and 
the mapping s — > $(t, s,x)v is continuous on [0, t] and Zet ns consider four 
projection families {Rk(t)}t>o, k G {1,2,3,4}, compatible with £ = (-0,^), 
m£/i t/te property that there exist sq > to > and c G (0, 1) snc/i t/tat 



*(s , t , 0(s o , t , x))i?i(t )f 



< c 



fli(*o)« 



i?2(*0)v 



< c 



*(s , t , ^(so, ^o, x))R 2 (to)v 



(3.1) 



(3.2) 



/or a// (x,v) G ^- 

Let N,N > 1 and u, to > suc/t t/tat 



*(t,t ,a;)-Ri(to)w 



*(s,t ,x)i? i (t )v 



< iVe w(t ~ s) 



<iVe' 



u>(£— s) 



*(s,to,^(to)« , * £{1,3} (3.3) 



y(t,t ,x)Rj(t )v , JG{2,4} (3.4) 



for all (t, s), (s, to) G T and all (x, v) G ^- 

Then the skew-product semiflow is pointwise uniformly exponentially tri- 
chotomic at point xo G X if and only if 

(upeto) there exist M > and a > such that 



,-a(r-t Q ) 



k, 



*(r, t , 0(r, t , x ))i?3(£o)v 



dr < M 



R 3 (t )v 



for all (t, to) G T and all v G V 

(npet' ) t/iere exist M > and a > snc/i t/tat 



= a(t-T) 



^(r, t , 0(r, t , x ))R 4 (to)v 



dr < M 



V(t,to,il>(t,t ,x ))R4(to)v 



for all (t, s), (s, to) G T and all v GV 
(upeti) there exists Mi > such that 



k» 



*(t, t , Y>(r, t ,x ))Ri(t )v 



dr < Mi 



i2i(<o)« 



for all to G R+ and all v S V 
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(upet2) there exists M 2 > such that 



*(t, to, ${t, t Q , x ))R 2 {t )v 



for all (t, to) G T and all v G V . 



dr < M 2 



$(t,t ,^(t,to,a;o))i22(to)u 



Proof. Necessity. Considering the projection families {Pk(t)}t>0i k G 
{0, 1, 2}, given as in Definition 12. Ill we define 

5i(t) = Pi(t), i? 2 (t) = p 2 (t), i? 3 (t) = / - Pi(t), « 4 (t) = i - p 2 (t), t > 0. 

We also have R 3 (t)R 4 (t) = R A (t)R 3 (t) = P (t), t > 0. The compatibil- 
ity is easy to verify, as in [9j. We denote by A™ = max{N^° ,N^° ,N^ } 
and uf°, ^2°, Vq the characteristics of the pointwise uniformly exponentially 
trichotomic skew-evolution semiflow £, given by Definition 12.111 

To prove (upet\), we consider Mi = N x ° (u^ )" 1 . For (upet 2 ) let us 
denote Mi = A^ x '°(^2°) _1 . We obtain (upeto) and (upet' ) if we consider 
a = 2vq° and M = N x ° (z/q ° ) -1 . 

Sufficiency. We define 



Pi(t) = R x (t), P 2 (t) = R 2 (t), P (t) = R 3 (t)Ri(t), t > 0. 
The compatibility is obtained from the properties of the projection families 

{Rk(t)}t>o, fee {1,2,3,4}. 

Relation (upeto) defines the integral stability for the skew-evolution flow 
given by £ a = (ip,^ a ), where ^ a (t,s,x) = e~ a ^~ s ^(t,s,x), (t,s) € T, x G 
X. As relation (13. 3p hold, then according to a result that characterize the 
stability obtained in [T2] it follows that £ Q is uniformly exponentially stable, 
which assures the existence of some constants K > and (3 > such that 
we obtain successively for all (t, s), (s, to) G T and all (x, v) £ y 



< Ke'^ t ~ s) e a(t ' ta) 
= Ke {a ~ m ~ s) 



and, if we define 



/ x <> 



:e «(t-to) q> a (t,t ,^{t,to,x))R3(t )v] 

V a {s, t , rp(s, t ,x))R 3 (t )v] 
V(s,to,ip(s,to,x))R 3 (to)v) 

a — (3, if a > (3 
1, ifa</3 



< 



then (I2.10J) is proved. By an analogue proof is obtained (|2.1ip from (upet' ). 
As in [5J, from the property that there exist to > and c G (0, 1) such 
that relation (|3.ip hold it follows that 



V(t,to,if>(t,to,x))Ri(to)v 



< iVfe"! 



i?i(*o)« 
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for all (t, to) € T and all (x,v) e y, where 

u x = l J^ N x = Ne (u>+^°) 
1 *o 1 



and constants N and u) are given by (|3.3p . 

From the fact that there exist to > and c G (0, 1) such that inequality 
(GO) holds it follows that 



R 2 (t )v <N^°e~^ 0t y(t,to,ip(t,to,x))R 2 (t )v 
for all (t, to) € T and all (x, u) G 3^, where 

and constants N and u are given by (|3,4|) . 

Hence, the pointwise uniform exponential trichotomy for the skew-evolution 
semiflow £ is proved. □ 
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